Thermodynamics of Charged Rotating Accelerating AdS Black Holes: P-V
  criticality and Heat Engine by Jafarzade, Kh. & Panah, B. Eslam
Prepared for submission to JHEP
Thermodynamics of Charged Rotating Accelerating
AdS Black Holes: P-V criticality and Heat Engine
Kh. Jafarzade1 and B. Eslam Panah2,3,4
1 Sciences Faculty, Department of Physics, University of Mazandaran, P. O. Box 47415-416,
Babolsar, Iran
2 Physics Department and Biruni Observatory, College of Sciences, Shiraz University, Shiraz
71454, Iran
3 Research Institute for Astronomy and Astrophysics of Maragha (RIAAM), P.O. Box 55134-441,
Maragha, Iran
4 ICRANet, Piazza della Repubblica 10, I-65122 Pescara, Italy
E-mail: khadije.jafarzade@gmail.com, beslampanah@shirazu.ac.ir
Abstract: In this paper, the thermodynamic behavior of charged rotating accelerating
black holes is investigated from two perspectives. Our conducted studies in the context of
non-extended phase space show that a slowly rotating accelerating black hole located in
weak electric field undergoes phase transition easily. But a super rotating accelerating black
hole with a powerful electric charge should be located in a higher curvature background or
should be pulled with a stronger string in order to have phase transition. Considering the
cosmological constant as a thermodynamical pressure lead us to explore first and second
order of phase transition. The obtained results show that the system enjoy the first order
small-large black hole phase transition for any string tension. With the difference that
for large string tension, phase transition takes place in higher temperature and pressure.
Studying the second order phase transition and extracting critical quantities, we find that
the critical temperature and pressure are an increasing function of string tension. Whereas,
angular momentum and electric charge have decreasing contributions on values of them.
Finally, some studies are conducted in the context of holography heat engine of these kinds
of black holes. The results reveal the fact that acceleration decreases engine’s efficiency.
Such a behavior is kept in presence of rotation parameter and electric charge. In contrast,
adding rotation and electric charge to the black hole increase the efficiency. An interesting
point regarding the effect of string tension on efficiency is that its effect will be more
noticeable in presence of rotation parameter.
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1 Introduction
Black holes provide a practical environment for testing strong gravity, and are incredibly
important theoretical tools for exploring General Relativity (GR). Schwarzschild (the most
general spherically symmetric vacuum solution), Reissner-Nordstrom (spherically symmet-
ric charged solution), Kerr (a rotating uncharged axially-symmetric solution), and Kerr-
Newman (charged rotational spacetime solution), are black hole solutions in GR which have
been studied in many literatures. All of them are isolated objects that barely influenced
by theirs sometimes extreme environment, theirs only possible response being to grow by
accretion. Among of these solutions the Kerr-Newman family is generally solution than
other solutions. These black holes give us our prototypical black holes in four dimensions
in which these are parameterized simply by mass (M), charge (Q) and angular momentum
(J). However, there are other black hole solutions with interesting properties. One of
interesting exact black hole solutions is related to the C-metric [1–6], which represents an
accelerating black hole. This black hole has a conical deficit angle along one polar axis
which provides the force driving the acceleration. The conical singularity pulling the black
hole can be replaced by a cosmic string [7], or a magnetic flux tube [8], and one can imagine
that something similar to the C-metric with its distorted horizon could describe a black
hole which has been accelerated by an interaction with a local cosmological medium.
The study of accelerating black holes motivated by some reasons. The first reason,
these black holes are described by C-metrics [1–6], which have an uncommon asymptotic
behavior. In other words, their asymptotical behavior depend on the various parameter
such as the parameter of acceleration, electrical charge, angular coordinate and the cosmo-
logical constant, which lead to accelerating horizon and complicate the asymptotic struc-
ture. The second reason, the accelerating black holes present at least one non-removable
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conical singularity on the azimuthal axis of symmetry, both in the rotating and in the static
case.
Using the standard black hole thermodynamics, it was shown that the Hawking tem-
perature of accelerating black holes is more than Unruh temperature of the accelerated
frame. Uncharged and charged accelerating black holes in (2 + 1) dimensions have been
studied in Refs. [9] and [10], respectively. In Ref. [11], a cross-comparison of the efficien-
cies of accelerating black hole’s heat engines and Schwarzschild-anti-de Sitter (AdS) black
hole’s heat engines have been investigated and the results showed that the acceleration
increases the efficiency although the amount of increase is not remarkable. Holographic
thermodynamics of accelerating black holes in AdS spacetime have been evaluated in Ref.
[12].
The non-rotating and uncharged accelerating black hole is described by the C-metric
[1–6], which can be written by
ds2 =
1
Ω2
[
f (r) dt2 − dr
2
f (r)
− r2
(
dθ2
g (θ)
+ g (θ) sin2 θ
dϕ2
K2
)]
, (1.1)
where f(r), g(θ) and Ω are defined as
f (r) =
(
1−A2r2)(1− 2m
r
)
+
r2
`2
,
g (θ) = 1 + 2mA cos θ,
Ω = 1 +Ar cos θ, (1.2)
where A and m are related to the magnitude of acceleration and the mass scale of black hole,
respectively. K is the conical deficit of the spacetime. It is notable that, ` =
√
− 3Λ which
is related to the AdS radius and Λ is the cosmological constant. Also ϕ has periodicity 2pi.
The interesting properties of geometry of these accelerating black holes have been studied
in Ref. [13].
Other extension of accelerating black hole is related to add the electrical charge. The
metric functions of charged accelerating black holes by considering the C-metric (1.1) are
represented in the following forms
f (r) =
(
1−A2r2)(1− 2m
r
+
e2
r2
)
+
r2
`2
, (1.3)
g (θ) = 1 + 2mA cos θ + e2A2 cos2 θ. (1.4)
The gauge potential is Aµ =
−e
r δ
t
µ, where e is related to the electrical charge of accelerating
black holes. Thermodynamics, P − V criticality in the extended phase space, phase tran-
sition and geometrothermodynamics of accelerating black holes have been studied in Refs.
[14–21]. Recently, Gregory and Scoins had introduced a new set of chemical variables for
the accelerating black hole. They had shown how these expressions suggest that conical
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defects emerging from a black hole can be considered as true hair and discussed the impact
of conical deficits on black hole thermodynamics from this chemical perspective [22]. Zhang
et al., had investigated the holographic heat engines of these black holes in Ref. [23]. They
had found that the efficiencies of the black hole heat engines can be influenced by both the
cosmic string tension and the size of the benchmark circular cycle. Also, they had showed
that the existence of charge may significantly increase the efficiencies of black hole heat
engines and make them be more sensitive to a varying cosmic string tension.
Hawking, Bekenstein, Carter and Bardeen had established thermodynamics and the
laws of black hole mechanics by using their pioneer work by Hawking’s radiation with black
body spectrum and in analogy between the classical thermodynamics with the black hole
mechanics. Also, Hawking and Page have demonstrated that there exist a phase transition
in the phase space between Schwarzschild-AdS black hole and thermal radiation which can
be interpreted as a confinement/deconfinement phase transition in the dual strongly cou-
pled gauge theory [24]. Later, it was showed that by using the AdS/CFT correspondence,
one can study the thermal phase transition and the interpretation of confinement in gauge
theories [25]. In order to investigate the phase transition of black holes, one may consider
the cosmological constant as a thermodynamical pressure to extend the phase space [26–
33], and modify the first law of black hole thermodynamics [30, 37]. Other contribution
of this consideration is related to the mass of black holes, which, from internal energy,
becomes enthalpy [38]. It is notable that, this interpretation indicates that the mass of
black holes plays a more important role in the thermodynamical structure of black holes
and contains more information regarding the phase structure of black holes [39].
In canonical ensemble, it was found that there exists a phase transition between small
and large black holes in which this phase transition behaves very like the gas/liquid phase
transition in a van der Waals system [40, 41]. On the other hand, the phase transitions
of small/large black holes in the AdS/CFT correspondence may be interpreted as conduc-
tor/superconductor regions of condensed-matter systems [42–44]. The thermodynamical
critical behavior and the phase transitions of small/large black holes in the AdS/CFT
correspondence (or van der Waals like phase transition) of black holes in the presence of
different matter fields and gravities have been investigated in some literatures [45–94].
In this paper, we want to consider the charged rotating and accelerating black holes
in GR. Then we are going to extract thermodynamical quantities of these black holes, and
study phase transition and thermal stability of them in the context of canonical ensemble.
We also will investigate the effects of different parameters and show how these parameters
affect phase transition and stability of the system. Next, we focus on phase transition and
thermal stability of solutions through the heat capacity. In next section, we study regarding
possible existence of van der Waals like behavior for such black holes. Heat efficiency is
another interesting quantity that we will evaluate. The paper will be concluded by some
closing remarks.
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2 Charged rotating and accelerating black hole
The charged rotating accelerating black hole solution is described by the metric [95]
ds2 =
1
Ω2
{
− f(r)
Σ
[
dt
α
− a sin2 θdϕ
K
]2
+
Σ
f(r)
dr2
+
Σr2
h(θ)
dθ2 +
h(θ) sin2 θ
Σr2
[
adt
α
− (r2 + a2)dϕ
K
]2}
, (2.1)
where
f(r) = (1−A2r2)
[
1− 2m
r
+
a2 + e2
r2
]
+
r2 + a2
`2
, (2.2)
h(θ) = 1 + 2mA cos θ +
[
A2(a2 + e2)− a
2
`2
]
cos2 θ, (2.3)
Σ = 1 +
a2
r2
cos2 θ, (2.4)
the corresponding gauge potential is expressed as
E = dB, B = − e
Σr
[
dt
α
− a sin2 θdϕ
K
]
+ Φtdt, (2.5)
where
Φt =
er+
(a2 + r2+)α
, (2.6)
where r+ is related to the outer horizon of black hole. a is rotation parameter proportional
to angular momentum of black hole. Also, e and m are integration constants which are
related to electric charge and total mass of black hole in the following manner [95]
J =
ma
K2
, & Q =
e
K
, & M =
m(Ξ + a
2
`2
)(1−A2`2Ξ)
KΞα(1 + a2A2)
, (2.7)
the factor of α is chosen for rescalling the time coordinate. In order to have the correct
thermodynamics, one should consider an appropriate normalized time τ = αt with
α =
√
(Ξ + a
2
`2
)(1−A2`2Ξ)
1 + a2A2
,
where
Ξ = 1− a
2
`2
+A2(e2 + a2).
The conical deficits on the north pole (θ+ = 0) and the south pole (θ− = pi) are given
by
δ± = 2pi
(
1− h(θ±)
K
)
, (2.8)
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which corresponds to a cosmic string with tension [23, 95]
µ± =
δ±
8pi
=
1
4
[
1− Ξ± 2mA
K
]
=
1
4
[
1− K±
K
]
. (2.9)
In order to have positive tension defects, we require 0 ≤ µ+ ≤ µ− ≤ 14 . Here, by
setting K = K+ = Ξ + 2mA, one can remove the conical singularity on the north pole
axis. In this case, there is just an irregularity on the south pole with the string tension
µ = µ− = mAK .
It should be pointed out that the metric 2.1, will be well defined (correspond physi-
cally to a slowly accelerated black hole in the bulk) under satisfaction of three following
conditions:
i) the function h(θ) must be positive in range of [0, pi], which implies [95]
mA <

1
2Ξ for Ξ ∈ (0, 2]
√
Ξ− 1 for Ξ > 2
So, certain conditions should be imposed on values of different parameters. In order
to elaborate this issue, we have plotted Fig. 1.
ii) due to the requirement of slow acceleration, f(− 1A cos θ ) has to have no roots.
iii) the function f(r) must have at least one root in the range of r ∈ (0, 1A).
As we know, roots of the metric function are inner (Cauchy) and outer (event) horizons
of the black holes. So in absence of root, one may encounter with naked singularity. In
order to investigate this issue, we obtain the roots of metric function which are as follows
r|f(r)=0 =
b±√b2 − 4u
2
, (2.10)
where
u =
1
2
(a2 + `2 −A2`2(a2 + e2)− 3
2
m2`4A4 + b2 − 2m`
2 +mA2`4 +ma2A2`2
b
),
b =
√
−2a
2 + 2`2 − 2A2`2(a2 + e2)− 3m2`4A4
3
+ (q +
√
p3 + q2)
1
3 + (q −
√
p3 + q2)
1
3 ,
p = −1
9
(a2 + `2 −A2`2(a2 + e2)− 3
2
m2`4A4)2 − 4
3
(m2A2`4 + a2`2 + e2`2 +
1
4
m2A4`6),
q =
1
2
(2m`2 +ma2A2`2 +mA2`4)2 +
1
27
(a2 + `2 −A2`2(a2 + e2)− 3
2
m2`4A4)3
−4
3
(m2A2`4 + a2`2 + e2`2 +
1
4
m2A4`6)(a2 + `2 −A2`2(a2 + e2)− 3
2
m2`4A4).
The sign of the expression underneath the square root function determines the number
of roots. There are three cases: i) if that is positive, there exist two real roots for the metric
function (Cauchy and event horizons). ii) if it is zero, there is only one real root (extreme
– 5 –
Figure 1. Variation of h(θ) as a function of different parameters for A = 0.02.
Figure 2. Variation of f(r) as a function of different parameters for A = 0.02.
horizon). iii) if it is negative, the metric function suffer the absence of real root. Fig. 2,
shows regions in which the metric function has one or two real roots.
Our analysis of Figs. 1 and 2, indicate that for having the black hole solution and the
positive value of function h(θ), we have to consider large values for the string tension (µ),
mass (M), the cosmological constant (Λ), and small values for angular momentum (J) and
the electrical charge (Q).
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3 Thermodynamical structure in non-extended phase space
In this section, we focus on thermodynamic properties of charged, rotating and accelerating
black holes in non-extended phase space. First, we extract thermodynamics quantities.
Then, we study phase transition and thermal stability of such black hole solutions in the
context of canonical ensemble. We also investigate the effects of different parameters and
show how these parameters affect the phase transition and stability of the system.
3.1 Thermodynamics quantities
The first quantity which we are going to investigate its thermodynamic behavior is tem-
perature. This quantity is calculated by using the usual Euclidean method as
T =
r+
[
1 + a
2
`2
+
3r2+
`2
− a2+e2
r2+
+A2r2+
(
−1 + e2+a2
r2+
+
2(r2++a
2)
`2
)]
4piα(r2+ + a
2)
. (3.1)
It is notable that for the following event horizon
r+ =
`
2
√
1 +
√
1− 8e
2
`2
, (3.2)
the acceleration term will be zero and the temperature is similar to the temperature of
charged rotating black hole (see the equation (3.4) of the reference [96]). It is evident
that under a such condition `2 ≥ 8e2, the temperature of charged rotating black hole will
have acceptable values. In order to have a better understanding of the effects of different
parameters on this quantity, we have plotted Fig. 3. As we see, temperature is a decreasing
function of angular momentum, electric charge and cosmological constant. (see left and
middle panels of Fig. 3). Whereas, string tension has an increasing contribution in this
quantity (see right panel of Fig. 3). We have to point out that cosmological constant is
not a continuous parameter here. In fact, for having a better understanding the effect of
curvature background on the temperature, we have plotted middle panel of Fig. 3.
To study behavior of the temperature for small and large values of the horizon radius,
we investigate its limiting behaviors. The high energy limit of the temperature is given by
Figure 3. Variation of the T as a function of different parameters for r+ = 1 and A = 0.02.
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lim
r+−→0
T ∝ − 1
4piαr+
− e
2
4piαa2r+
+O(r+),
which shows that for small black holes, the temperature is always negative and it is highly
governed by rotation parameter and electric charge. Whereas, the effects of acceleration
parameter and the cosmological constant are negligible in this case. Since the negative
temperature is representing a non-physical solution, there is no physical solution in this
case.
The asymptotic behavior of this quantity is obtained as
lim
r+−→∞
T ∝ A
2r3+
2piα`2
+
(3−A2`2 − 2A2a2)r+
4piα`2
+O(
1
r+
),
which confirms that for large black holes, the acceleration parameter and the cosmological
constant are governing factors in the temperature and such black holes have always the
positive temperature (or physical solution).
The structure of numerator of the temperature shows that there is at least a root for
it. Calculations indicate that there are three roots for the temperature which only one of
them is real and is obtained as follows
r+|T=0 =
√√√√2√−ρ√
3
cos
(
1
3
sin−1
(
3
√
3g
2(
√−ρ)3
)
+
pi
6
)
− (3−A
2`2)
6A2
, (3.3)
where
ρ =
1
2A2
(
a2 + `2 +A2e2`2 − (3−A
2`2)2
6A2
)
g =
(3−A2`2)
12A4
(
(3−A2`2)2
9A2
− (a2 + `2 +A2e2`2)
)
− (a
2 + e2)`2
2A2
As we know, temperature’s root (bound point) is where the sign of temperature is
changed. In fact, this point is a limitation point between physical and non-physical solu-
tions. As one can see, the root is highly dependent on the acceleration parameter and the
cosmological constant. So, these two parameters have noticeable effects on physical/non-
physical regions.
The other quantity which we are interesting to investigate it is entropy. For these black
holes without higher curvature terms, one can identify the entropy with a quarter of the
horizon area
S =
pi(r2+ + a
2)
K(1−A2r2+)
, (3.4)
this expression gives us the following information:
i) the entropy is a function of the horizon radius, string tension, rotation and accel-
eration parameters. Whereas, the electric charge and the cosmological constant have no
effect on the entropy.
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ii) for small black holes, the entropy is always positive and it is governed by the string
tension and the rotation parameter.
lim
r+−→0
S ∝ pia
2
K
+O(r2+).
iii) for large black holes, the entropy is always negative and it is affected by the string
tension and the acceleration parameter.
lim
r+−→∞
S ∝ − pi
KA2
+O(
1
r2+
).
iv) this quantity diverges at Ar+ = 1. To avoid divergency and negatively, one should
consider Ar+ < 1.
The other interesting thermodynamical quantity is the total mass of black hole. By
solving the metric function with respect to geometrical mass on event horizon (f(r = r+) =
0), one can obtain total mass as follows
M =
αr+(1 + a
2A2)
2KΞ
(
1 +
a2 + e2
r2+
+
r2+ + a
2
`2(1−A2r2+)
)
. (3.5)
To investigate the effects of black hole’s parameters on structure of the mass, we have
plotted Fig. 4. Left and middle panels of Fig. 4, show that as angular momentum,
electric charge and string tension increase the total mass increases too. While from right
panel of this figure, one can see that the mass of such black holes is a decreasing function of
cosmological constant. As we already mentioned regarding temperature, we do not consider
the cosmological constant as a continuous parameter. We have plotted left panel of Fig.
4, to show that how this parameter affect total mass. From Eq. 3.5, one can see that the
mass diverges at Ar+ = 1 and it is always a positive valued for Ar+ < 1. The high energy
limit of the total mass is described by
lim
r+−→0
M ∝ α(1 + a
2A2)(a2 + e2)
2KΞr+
+O(r+),
this relation shows that the total mass of small black holes is positive and it is highly
dependent on the rotation parameter, string tension and the electric charge whereas the
cosmological constant and acceleration parameter does not have remarkable contribution
on the total mass of these black holes. The asymptotic behavior of the total mass is given
by
lim
r+−→∞
M ∝ αr+(1 + a
2A2)(A2`2 − 1)
2KΞA2`2
+O(
1
r+
),
which shows that contrary to small black holes, for large black holes, the cosmological
constant and acceleration parameter are governing factors in total mass, and according to
condition (A` < 1) for accelerating black holes, the total mass of these black holes is always
negative.
Our finding show that the medium charged rotating accelerating black holes can be
physical objects with condition A` < 1. Because the temperature of small charged rotating
accelerating black holes was negative, whereas the entropy and the mass of large black
holes were negative.
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Figure 4. Variation of the M as a function of different parameters for r+ = 1 and A = 0.02.
3.2 Phase transition and Stability
Now, we focus on phase transition and thermal stability of solutions through the heat
capacity. Phase transition points are where the heat capacity diverges. In other words,
divergencies of the heat capacity are representing places in which a system goes under phase
transition. To study thermal stability/instability of black holes, we need to investigate the
behavior of heat capacity. In fact, the signature of heat capacity determines thermal
stability of the system. The positivity of heat capacity is representing thermal stability
while the opposite is true for instability. The heat capacity is given by
CQ = T (
∂S
∂T
)Q =
(∂M∂S )Q
(∂
2M
∂S2
)Q
. (3.6)
By employing Eqs. (3.1), (3.4) and (3.6), one can find
CQ =
2pi(r2+ + a
2)(1 + a2A2)
(
1 + a
2
`2
+
3r2+
`2
− a2+e2
r2+
+A2r2+x1
)
K(1−A2r2+)2
(
−1 + 3r
2
+
`2
+ 8a
2
`2
+
a2(e2+r2+)
r4+
+ 3(e
2+a2)
r2+
+A2r2+x2
) . (3.7)
where
x1 = −1 + e
2 + a2
r2+
+
2(r2+ + a
2)
`2
x2 = −1 + 12a
2
`2
+
6r2+
`2
− (e
2 + 4a2)
r2+
+
a2e2
r4+
The high energy limit of heat capacity is given by
lim
r+−→0
C ∝ −2pi(1 +A
2a2)(a2 + e2)r2+
Ke2
+O(r4+),
as one can see, the cosmological constant is the only parameter which has no effect on the
high energy limit of the heat capacity. The effects of rotation parameter, electric charge
and string tension are remarkable in this case. Also, this relation shows that very small
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accelerating black holes are in an unstable state all the time. The asymptotic behavior is
determined by
lim
r+−→∞
C ∝ 2pi(1 +A
2a2)
3KA4r2+
+O(
1
r4+
),
which shows that asymptotic behavior of the heat capacity is independent of the electric
charge and the cosmological constant while the effect of acceleration parameter becomes
noticeable in this case. Also, one can see that large accelerating black holes are always
thermally stable. But for medium black holes, all parameters affect stability/unstability
regions of the system. In order to elaborate this issue, we have plotted Fig. 5.
Figure 5. Thermally stable and/or unstable regions of the black holes for A = 0.02.
Now, we investigate phase transition of the system. As it was mentioned, the divergence
points of heat capacity are places in which phase transitions take place. It is evident that the
number and places of phase transition points depend on values of black hole’s parameters.
To study the effects of these parameters on phase transition points, we have plotted Fig.
6. This figure shows that the heat capacity could have up to two divergencies. Since the
heat capacity and the temperature have a direct relation together, these two quantities
usually share same roots. As it was already pointed out, there is only one root for the
temperature which coincides with the heat capacity’s root. Regarding to the values of
different parameters, one can investigate three different situations;
– 11 –
i) one root: as it was mentioned, the bound point (the heat capacity’s root) is a
boundary between two physical and non-physical solutions. There are two separated phases
in this case; small and large black holes. The small (large) black holes which have the
negative (positive) temperature are located before (after) the bound point (continuous line
in Fig. 6).
ii) one root and one divergency: in this case, one can find three phases of small, medium
and large black holes. The small black holes have no physical solution, but medium and
large black holes are thermally stable due to positivity of the heat capacity (dashed-dotted
line in Fig. 6). The medium and large black holes are placed between root and divergency
and after divergency, respectively. This divergency is where two phases of medium and
large black holes are in equilibrium. They can go from one to the other via a critical
process.
iii) one root and two divergencies: In this case, four distinct phases exist for black
holes; very small, small, medium and large black holes (dotted and dashed lines in Fig.
6). The region before the bound point is related to very small black holes which are non-
physical. The small black holes are located between root and smaller divergency and have
the positive heat capacity. So, these black holes are thermally stable. In region between
two divergencies, the medium black holes exist which due to the negativity heat capacity
are in an unstable state. After larger divergency, the heat capacity is positive and large
black holes which are located in this region are thermally stable. As it was pointed out, the
divergencies of heat capacity are representing phase transition points (see Refs. [97, 98], for
more details about relation between the divergencies of heat capacity and phase transition
points). The medium black holes which are thermally unstable may have a phase transition
and go to a stable smaller state at smaller divergency or go to a large stable one at larger
divergency.
Now, we focus on the effects of black hole’s parameters on bound and phase transition
points. By taking a close look at Fig. 6, one can find that bound point is an(a) increasing
(decreasing) function of angular momentum, electric charge and the cosmological constant
(string tension). This shows that physical region decreases by increasing (decreasing)
angular momentum, electric charge and the cosmological constant (string tension). Two
up panels of Fig. 6, shows that for the mentioned values of angular momentum and
electric charge, there is only one root for the heat capacity (continuous line in Fig. 6).
But by decreasing these two parameters, the heat capacity could have two divergencies
(dashed and dotted lines in Fig. 6). Regarding the effects of these two parameters on
places of divergency, one can say that as the angular momentum and the electric charge
decrease, smaller divergency (larger divergency) shift to smaller (larger) horizon radius.
So, the region of instability increases. This shows that the stable phases of small and
large black holes decrease by decreasing these two parameters. By taking a closer look
at two down panels of Fig. 6, one can find that the effects of string tension and the
cosmological constant are opposite of those of angular momentum and electric charge.
In other words, by increasing ` and µ, the divergencies are formed while for their small
values, only bound point is observed. There is a notable point here. As we already
mentioned, only slowly rotating accelerating black holes with weak electric charge enjoy
– 12 –
existence of phase transition. But, two down panels of Fig. 6, show that accelerating black
holes with large angular momentum and electric charge can go under phase transition for
large values of cosmological constant and string tension (dashed and dotted lines in Fig.
6). In other words, super rotating accelerating black holes located in powerful electric
field undergo phase transition by increasing the cosmological constant and string tension.
Since the cosmological constant is representing the natural curvature of the spacetime,
such black holes should be located in a background with higher curvature for having a
phase transition. As a result, one can say that in a low curvature background, just slowly
rotating accelerating black holes with weak electric charge have phase transition. But in a
high curvature background, both super rotating accelerating black holes with large electric
charge and slowly rotating accelerating black holes with small electric charge undergo phase
transition. Such a result is true regarding the force of string. It means that super rotating
accelerating black holes with large electric charge which are located in a low curvature
background enjoy phase transition if they are pulled by stronger strings .
Figure 6. CQ versus r+ for different values of black hole’s parameters for A = 0.02.
4 Critical behavior in extended phase space
In this section, we would like to conduct a study regarding possible existence of van der
Waals like behavior for such solutions. To do so, we first extend our phase space by
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considering the cosmological constant as a thermodynamical pressure which have been
investigated by many peoples in Refs. [26–36]. It has been led a new trend of phase
transition research. Then, we obtain the relation between horizon radius and specific
volume of the corresponding fluid and determine equation of state. Also, we extract critical
thermodynamical quantities and plot some diagrams to investigate the effects of black hole’s
parameters on critical values.
The pressure associated to the cosmological constant is given by
P = − Λ
8pi
=
3
8pi`2
, (4.1)
its conjugate quantity called thermodynamical volume is expressed as
V =
(
∂M
∂P
)
S,Q,J
. (4.2)
It should be noted that by considering the cosmological constant as a thermodynamical
pressure, the identification of the mass changes from internal energy to enthalpy. So, mass
of the black hole will have more contribution in thermodynamical structure of the system.
With this new insight, free energy of the system is given by
F = H − TS = M − TS. (4.3)
Also, the first law of thermodynamic will be modified as follows
dM = TdS + V dP + ΦdQ+ ΩdJ − λ+dµ+ − λ−dµ−, (4.4)
where Ω is angular velocity
Ω =
aK
α(r2+ + a
2)
+
aK(1−A2`2Ξ)
`2Ξα(1 + a2A2)
, (4.5)
and λ± are conjugate quantities of string tensions µ± given by
λ± =
r+
α(1±Ar+) −
m
α
[Ξ + a
2
`2
+ a
2
`2
(1−A2`2Ξ)]
(1 + a2A2)Ξ2
∓ A`
2(Ξ + a
2
`2
)
α(1 + a2A2)
. (4.6)
For studying van der Waals like behavior of black holes, the computation of the equa-
tion of state is necessary. By employing Eqs. (3.1) and (4.1), the equation of state is
obtained as
P =
T
2r+
− 1
8pir2+
− 5Q
2A2
24pir2+
+
Q2
8pir4+
+
3TA2r3+
4(r2+ − (1 + 4B)Q2 − 4piTr3+)
+
3J2B4(4r4+ + 8piTr
5
+ − 2Q4 − 8piTQ2r3+ − 4BQ2r2+ +Q2r2+)
8piµ4r6+(r
2
+ + 2Q
2 + 8BQ2 + 2piTr3+)
2
−1
3
TA2r+ +
BQ2
2pir4+
+
5A2
24pi
+
TQ2A2
4r+
, (4.7)
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where B = mA and it has been considered as constant parameter throughout this paper.
Evidently, the pressure is an increasing (decreasing) function of the temperature, electric
charge and angular momentum (string tension). Also, the above relation shows that the
pressure has a divergency at
r+ =
1
12piT
+
(
1− 216(1 + 4B)Q2pi2T 2 + 12
√−4 + (432(1 + 4B)Q2pi2T 2 − 2)2) 13
12piT
+
(
1− 216(1 + 4B)Q2pi2T 2 − 12
√−4 + (432(1 + 4B)Q2pi2T 2 − 2)2) 13
12piT
. (4.8)
To better understand properties of the pressure, we investigate its limiting behavior
as follows
lim
r+−→0
P ∝ − 3
16
J2B4
pi(1 + 4B)2µ4r6+
+
1
8
(1 + 4B)Q2
pir4+
+
3
32
J2B4(3− 16B2)
piQ2(1 + 4B)3µ4r4+
+O(
1
r3+
),
lim
r+−→∞
P ∝ T
2r+
+
TQ2A2
4r+
− 3A
2
64pi2Tr+
+
A2
48pi
− 1
3
TA2r+ +O(
1
r2+
),
which shows that depending on values of different parameters, large and small black holes
could have positive or negative pressure. It is worthwhile to mention that the pressure
should be positive valued from classical thermodynamics perspective.
By rearranging the equation of state in terms of specific volume, one can calculate
critical quantities. It should be noted that for rotating black holes, r+ is not a linear
function of the specific volume υ. To do so, we first need to obtain thermodynamical
volume which is given by
V =
4piµ
3αB
(
r3+ + 2A
2r5+ +
2J2B4r+
µ4x3
+
4J2B4r3+
µ4x23
+
9
64
BA
pi2P 2
)
(4.9)
where x3 = r
2
+ + (1 + 4B)Q
2 + 83piPr
4
+. By doing so, the specific volume proportional to
thermodynamical volume is determined in the following form
υ = 2
(
3V
4pi
) 1
3
' 2r+
( µ
B
) 1
3
(
1− Q
2A2
6
+
A2
16piP
+
2A2r2+
3
+
2J2B4
3µ4r2+x3
+
4J2B4
3µ4x23
+
3BA
64pi2P 2r3+
)
(4.10)
By substituting the specific volume in Eq. 4.7, one can arrange the equation of state
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as follows
P =
Tµ
1
3
B
1
3υ
+
1
3
TQ2A2B
1
3
µ
1
3υ
− µ
2
3
2piB
2
3υ2
+
2
3
Q2A2µ
2
3
piB
2
3υ2
+
A2
24pi
+
2Q2µ
4
3
piB
4
3υ4
+
48B2J2
piµ2υ6
+
Q2A2
piχ
+
48TJ2B
11
3
υµ
11
3 X2
− 16J
2B
8
3
piµ
8
3υ4X
− 1
8
A2υ2B
2
3
piµ
2
3χ
− 48J
2B
10
3
piυ2µ
10
3 X2
+
8Q2µ
4
3
piB
1
3υ4
+
384Q2J2B
8
3
piµ
8
3υ4X2
+
3
2
TAB
7
3υ4
µ
4
3χ2
− 3
2
AB2υ3
piµχ2
+
12AQ2B
4
3υ
piµ
1
3χ2
+
48J2B2Υ
piµ4υ6X2
−1
4
TBA2υ3
µχ
+
128Q2B2J2
piµ2υ6X
+
16TB3J2
µ3υ3X
− 4
3
Q4A2µ
4
3
piB
4
3υ4
(4.11)
where
X = 8(1 + 4B)Q2 +
B
2
3υ2
µ
2
3
+
piBTυ3
µ
,
χ = 4(1 + 4B)Q2 − B
2
3υ2
µ
2
3
+
2piBTυ3
µ
,
Υ = −pi2T 2B2υ6 − 64µpiTB2Q2υ3 − 24µpiBTQ2υ3 − 1024B2µ2Q4 − 512Bµ2Q4
−72µ 43B 53Q2υ2 − 80µ2Q4 − 14B 23µ 43Q2υ2 + µ 23B 43υ4,
As we know, van der Waals fluid goes under a first-order liquid-gas phase transition
for temperatures smaller than the critical temperature (T < Tc). Whereas, at critical
temperature, its phase transition is a second order one [32, 99]. Fig. 7, confirms van der
Waals like behavior for our black hole solution. Formation of the swallow-tail shape in
F − T diagram (continuous line) is representing the existence of a first-order small-large
black hole phase transition for P < Pc. The critical point which is coincident with the
inflection point of P (υ) diagram is determined by the following relation
∂P
∂υ
∣∣∣∣
υ=υc,T=Tc
= 0, &
∂2P
∂υ2
∣∣∣∣
υ=υc,T=Tc
= 0. (4.12)
Eq. 4.11 is much complicated to determine critical quantities analytically. But for slowly
rotating accelerating black holes located in the weak electric field, one can obtain critical
quantities as follows
υc =
√
3µ
2
3
(
(12Q2 + 48BQ2) +
√
(12Q2 + 48BQ2)2 + 480J2B4µ−4(3− 4A2Q2)
)
B
2
3 (3− 4A2Q2)
,
Tc =
3Bµ
8
3υ4c − 4A2Q2Bµ
8
3υ4c − 96Q2B
4
3µ
10
3 υ2c − 24Q2B
1
3µ
10
3 υ2c − 864J2B
11
3
3piB
4
3µ
7
3υ5c
,
Pc =
3B
2
3µ
8
3υ4c − 4A2Q2B
2
3µ
8
3υ4c − 144Q2Bµ
10
3 υ2c − 36Q2µ
10
3 υ2c − 1440J2B
10
3
6piµ2B
4
3υ6c
. (4.13)
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Table 1. Critical values for B = 0.2, A = 0.02, Q = 0.2 and µ = 0.15.
J υc Tc Pc
Pcυc
Tc
0.010 1.2720 0.1552 0.0422 0.3459
0.015 1.3459 0.1494 0.0388 0.3499
0.020 1.4268 0.1432 0.0355 0.3535
0.025 1.5091 0.1373 0.0324 0.3565
Table 2. Critical values for B = 0.2, A = 0.02, J = 0.02 and µ = 0.15.
Q υc Tc Pc
Pcυc
Tc
0.15 1.2589 0.1683 0.0482 0.3611
0.20 1.4268 0.1432 0.0355 0.3535
0.25 1.6401 0.1216 0.0258 0.3482
0.30 1.8863 0.1042 0.0190 0.3450
Table 3. Critical values for B = 0.2, A = 0.02, J = 0.02 and Q = 0.2.
µ υc Tc Pc
Pcυc
Tc
0.14 1.4420 0.1397 0.0336 0.3472
0.15 1.4268 0.1432 0.0355 0.3535
0.16 1.4173 0.1462 0.0370 0.3595
0.17 1.4127 0.1487 0.0384 0.3653
Here, we would like to investigate the effects of black hole’s parameter on critical
quantities in tables 1-3 and Fig. 8. As we see, the critical volume is an increasing function
of the angular momentum and electric charge while critical temperature and pressure are
decreasing functions of them (see tables 1 and 2 and panels (a), (d) and (g) of Fig. 8).
Regarding the effect of string tension on the critical quantities, according to the obtained
results in table 3 and panels of (c), (f) and (i) of Fig. 8, it is evident that as this parameter
increases the critical temperature and pressure (critical volume) increase (decreases). Also,
by looking at tables 1-3, one can find that the universal critical ratio (PcυcTc ) is an(a)
increasing (decreasing) function of angular momentum and string tension (electric charge).
As we already mentioned, a black hole undergoes a first order small/large black hole
phase transition for pressures and temperatures smaller than the critical pressure and tem-
perature. By looking at P − υ and T − υ diagrams in Fig. 9, one can see that for some
values of parameters, these diagrams acquire two extrema. In this case, there are three
distinguished phases for black holes; small, medium and large black holes. Small and large
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Figure 7. Van der Waals like phase diagrams for B = 0.2 and A = 0.02. Left panel: P versus υ
for different temperatures. Bold line corresponds to T = Tc. Middle panel: T versus υ for different
pressures. Bold line corresponds to P = Pc. Right panel: F versus T .
black holes are located before the first extremum and after the second extremum respec-
tively and are thermally stable. The region between two extrema is related to medium
black holes which are in an unstable state. As we know, the phase transition point is de-
termined by the equal area law where extrema are within the equal area law. For a certain
value of parameters, two extrema coincide with each other. This point is actually the equi-
librium point where two stable phases of small and large black holes are in equilibrium.
They can go from one to the other during a critical process. By increasing (decreasing)
angular momentum and electric charge (string tension), these extrema disappear and pres-
sure (temperature) is only a decreasing (increasing) function of volume. In this case, just
a single stable phase exists for black holes (see dotted lines in Fig. 9).
P−υ diagrams show that as the angular momentum and electric charge (string tension)
decrease (increases), the pressure related to phase transition points decreases. Since the
pressure is related to curvature of the background, one can say that the necessity of having
a background with higher curvature decreases. As for T−υ and F−T diagrams, we see that
as the angular momentum and the electric charge (the string tension) decrease (increases),
the temperature related to phase transition points increases and the difference between
free energy of different phases grows larger. This shows that by decreasing (increasing)
the electric charge and the angular momentum (the string tension), phase transition for
obtaining stable state becomes more difficult and such black holes need to absorb more
energy for having phase transition. Since the mass of black hole interprets as enthalpy or
energy, phase transition occurs with absorbing more mass from surrounding.
Here, there is a remarkable point regarding the effects of these parameters. The effect
of variation of these parameters on structure of the temperature shows that as the angular
momentum and the electric charge (the string tension) decrease (increases) the distance
between two extremum increases. This reveals the fact that a stable charged rotating
accelerating black hole goes to an unstable phase by decreasing (increasing) Q and J (µ).
By looking at F − T diagrams in Fig. 9, one can find that the swallow-tail shape
disappears for large (small) values of the angular momentum and the electric charge (the
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Figure 8. Variation of the critical values as functions of black hole’s parameters for B = 0.2 and
A = 0.02.
string tension). So, there is no first order phase transition in these cases. But panel (c) of
Fig. 10 shows that a black hole with weak acceleration can go under phase transition for
very small pressure and temperature. Such explanations can be used for accelerating black
holes with large angular momentum or large electric charge (see panels (a) and (b) of Fig.
10). Of course, provided that they are pulled by stronger strings (see panel (d) of Fig. 10).
Our findings show that slowly rotating black holes located in weak electric field which
accelerate more slowly undergo phase transition easily. But by increasing the acceleration,
phase transition takes place in higher pressure and temperature and this shows that such
black holes achieve a stable state barely. We also notice that although super rotating
black holes with powerful electric charge go under a phase transition in lower pressure and
temperature, they need more powerful acceleration in order to have phase transition.
– 19 –
Figure 9. P − υ, T − υ and F − T diagrams for B = 0.2 and A = 0.02. up: for different values
of angular momentum; middle: for different values of electric charge; down: for different values of
string tension.
5 The corresponding holographic heat engine
In this section, we would like to investigate other interesting quantity called the heat
efficiency. We should point out that we conduct our studies in classical framework. Con-
sidering the cosmological constant as a thermodynamical variable, lead us to assume black
hole as the heat engine [100–117]. A physical system which takes some heat from warm
reservoir and turns a part of it into the work while its remaining is given to cold reservoir
is defined as the heat engine. For calculating the work done by the heat engine and given
the equation of state, one can use the P −V diagrams [100–102]. In addition, Wei and Liu
had shown that there is other way for extracting the work or heat through measuring the
areas by casting the process into the T − S diagram [118]. It is noteworthy that the work
done on the thermodynamical cycle is W = QH −QC , because the internal energy change
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Figure 10. F−T diagrams for different values of black hole’s parameters for B = 0.2 and A = 0.02.
is zero for a thermodynamic cycle. QH and QC are net input and net output heat flow,
respectively. Also, W is a net output work. The efficiency is given by
η =
W
QH
= 1− QC
QH
. (5.1)
Since for static black holes, thermodynamic volume is proportional to entropy, the heat
capacity at constant volume (CV = T
∂S
∂T |V ) is zero and calculating efficiency is straightfor-
ward in this case [100–102]. But for rotating black holes such a condition is not satisfied
due to existence of rotation effects. So, one cannot employ usual methods for obtaining
efficiency of such black holes. Here, we study the heat engine’s efficiency by approach which
was mentioned in Ref. [119].
For all AdS black holes, a rectangular cycle is the most natural cycle to consider (see
Fig. 11). Here, we employ such a cycle and study the holographic heat engine for our
black hole solution. For rotating black holes with CV 6= 0, QH and QC are expressed by
following expression,
QC = M(V2, P1)−M(V4, P4)−∆PV2,
QH = M(V2, P1)−M(V4, P4)−∆PV1, (5.2)
where ∆P = P1 − P4. By employing Eqs. (5.1) and (5.2), the efficiency is obtained as
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follows,
η =
∆P∆V
∆MT + ∆UL
. (5.3)
The Carnot efficiency which is maximum allowed efficiency by thermodynamic laws is
expressed in following form,
ηC = 1− TC
TH
= 1− T4(P4, V1)
T2(P1, V2)
. (5.4)
Figure 11. P - V diagram.
The efficiency of engine (η) and Carnot’s efficiency (ηC) are given in the appendix I
(see Eq. 6.1 and Eq. 6.4). Now, we are interesting to investigate how the efficiency changes
under variation of black hole’s parameters. To do so, we have plotted some diagrams in
Figs. 12-14, and indicated the effects of these parameters on the efficiency engine (η) and
Carnot’s efficiency (ηC). Studying the effects of angular momentum and electric charge on
η and ηC , show that both of them are an increasing function of J and Q (see Fig. 12). By
taking a close look at panel (c) of Fig. 12, one can find that charged rotating accelerating
black holes have a bigger efficiency than their non-rotating counterparts and their efficiency
difference will become insignificant for large electric charges. Such similar discussions can
be used for Carnot efficiency as well (see panel (d) of Fig. 12). Regarding uncharged
rotating accelerating black holes, as we see from panel (a) of Fig. 12, for small angular
momentum (J < 0.03), these kind of black holes have a smaller efficiency compared with
charged rotating accelerating black holes. Whereas, an opposite behavior will be observed
for J ≥ 0.03. It is worthwhile to mention that for large angular momentum, the efficiency of
rotating accelerating black holes is much more than that of charged rotating accelerating
cases. By looking at panel (b) of Fig. 12, one can see that such a explanation is true
about ηC . With the difference that for case of J = 0.03, for small volume difference (∆V ),
a rotating accelerating black hole has a bigger Carnot efficiency. But for large volume
difference, its charged counterpart’s Carnot efficiency is bigger. Also, by observing Fig. 12,
one can find that how the efficiency of engine and Carnot’s efficiency change by increasing
volume difference. Panel (c) of Fig. 12, shows that for all values of the electric charge,
η is an increasing function of V2 and its development gradually become slower and slower
as the volume difference (∆V ) becomes bigger. Such a behavior is observable for small
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Figure 12. Variation of η and ηC versus V2 for B = 0.2, A = 0.02, µ = 0.15, P1 = 0.07, P4 = 0.05
and V1 = 1. Up panels: bold lines for Q = 0.3 and thin lines for Q = 0; J = 0.01 (continues line),
J = 0.03 (dashed-dot line) and J = 0.05 (dashed line). Down panels: bold lines for J = 0.03 and
thin lines for J = 0; Q = 0.1 (continues line), Q = 0.3 (dashed-dot line) and Q = 0.5 (dashed line).
angular momentum as well. But for large angular momentum, η monotonically decreases
to a constant value with grow of V2 (see panel (a) of Fig. 12). Regarding ηC , it is evident
that it is an increasing function of V2 for all values of Q and J (see panels (b) and (d) of
Fig. 12).
The other important parameter which affects the heat engine’s efficiency is the string
tension. Fig. 13, shows that η and ηC are a decreasing function of this parameter. In
presence of the electric charge, η monotonically increases with growth of V2 and approaches
to a constant value for very large ∆V (see panels (a) and (c) of Fig. 13). In the absence
of electric charge, the behavior of η is a little different. Such that for large string tension,
similar to charged cases, as V2 increases η increases too and reaches to a constant value
when ∆V goes to infinity. But for small string tension, η first increases to a maximum
value and then monotonically decreases to a constant value by increasing ∆V (see panel
(b) of Fig. 13). By comparing panels (a) and (b) with panel (c) of Fig. 13, one can
find that the effect of string tension on the efficiency is remarkable in presence of rotation
parameter and its influence will become more significant in absence of electric charge (see
panel (b) of Fig. 13). As for ηC , down panels of Fig. 13, shows that behavior of ηC is the
same in presence and absence of electric charge. It means that it monotonically increases
by increasing ∆V for all three cases (charged rotating, uncharged rotating and charged
– 23 –
Figure 13. Variation of η and ηC versus V2 for B = 0.2, A = 0.02, P1 = 0.07, P4 = 0.05, V1 = 1
and different values of string tension. Left panels: in presence of rotation and electric charge.
Middle panels: in absence of electric charge. Right panels: in absence of rotation parameter.
Figure 14. Variation of η and ηC versus V2 for B = 0.2, A = 0.02, P1 = 0.07, V1 = 1 and P4 = 0.06
(continues line), P4 = 0.04 (dashed-dot line) and P4 = 0.02 (dashed line).
accelerating black holes) and finally its growth will stop for very large ∆V . Regarding the
effect of string tension on Carnot’s efficiency, it is evident that its effect is negligible in
absence of rotation parameter (compare panel (f) with panels (d) and (e) of Fig. 13).
Fig. 14, shows how η and ηC , change under pressure. As we see, the efficiency and
Carnot efficiency increase by increasing pressure difference (∆P ). For small ∆P , η changes
very slowly by increasing of ∆V , but for large ∆P , the increase of efficiency becomes
remarkable.
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6 Conclusion
In this paper, we conducted a study regarding thermodynamic behavior of charged, rotating
and slowly accelerating AdS black holes from two perspectives. First, we investigated
thermodynamic properties including phase transition and thermal stability in non-extended
phase space. The obtained results showed that slowly rotating black holes with weak electric
charge undergo phase transition all the time. But super rotating black holes with powerful
electric charge should be located in a higher curvature background or should be pulled
by stronger string in order to have phase transition. Studying the effects of black hole’s
parameters on the stability conditions revealed the fact that as the angular momentum and
the electric charge (the string tension and the cosmological constant) decrease (increase)
the regions of stability decrease.
Then, we extended our phase space by considering the cosmological constant as a
thermodynamical pressure and studied van der Waals like behavior for such solutions.
By calculating critical quantities, we found that the critical volume is an increasing (de-
creasing) function of the angular momentum and the electric charge (the string tension).
Whereas, the opposite behavior was observed for the critical temperature and pressure.
Our conducted studies in the context of first order phase transition showed that as the
angular momentum and the electric charge (the string tension) decrease (increases), the
pressure related to phase transition points decreases. Consequently, the necessity of having
a background with higher curvature decreases. Regarding the effect of these parameters
on the temperature, we noticed that by decreasing (increasing) the angular momentum
and the electric charge (the string tension), the temperature related to phase transition
points increases. This revealed the fact that phase transition for obtaining stable state will
become more difficult for such black holes. A significant point regarding the effect of string
tension was that when a stable charged rotating black hole is pulled by a stronger string,
it exits its stable state.
Finally, we defined a thermodynamical cycle for this black hole solution and obtained
its efficiency. Studying the effects of black hole’s parameters on the engine’s efficiency led
to the following interesting results;
i) the efficiency is a decreasing function of acceleration.
ii) the efficiency increases as angular momentum and the electric charge increase.
iii) rotation effects on the efficiency decrease in the presence of an electric field.
iv) the effect of string tension for rotating black holes are more noticeable than that
of charged black holes.
v) the efficiency increases by increasing pressure difference ∆P .
Note added: concurrently with our work, W. Ahmed et al., studied heat engine’s ef-
ficiency of such black holes through a circular cycle in Ref.[120]. They investigated the
effects of black hole’s parameters on the efficiency and obtained similar results with our
work. It is worthwhile to mention that we not only studied the effects of black hole’s
parameters on the efficiency but also we computed Carnot efficiency and investigated the
effect of pressure on the engine and Carnot efficiency as well.
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Appendix I: the heat engine efficiency
As it was mentioned, the efficiency is obtained by following relation,
η =
∆P∆V
∆MT + ∆UL
, (6.1)
where ∆V = V2 − V1, U = M − PV and
∆MT = M(V2, P1)−M(V1, P1), (6.2)
∆UL = U(V1, P1)− U(V1, P4). (6.3)
The total mass of such black holes in extended phase space is given by
M =
αµ
BΞ
(
1
2
(1 +H)DV
1
3 +
2DJ2B4V
1
3
µ4y2
+
(1 + 4B)Q2
DV
1
3
+
4R
3− 3A2D2V 23
)
,
where
D =
1
2
(
6B
piµ
) 1
3
,
R = (1 + 3H)pi2D3PV +
4pi2J2D3B4PV
µ4y2
,
y = D2V
2
3 +Q2 + 4Q2B +
8
3
piPD4V
4
3 ,
H =
1
6
A2Q2 − A
2
16piP
− 2
3
A2D2V
2
3 − 4
3
J2B4
µ4y2
− 2
3
J2B4
D2µ4V
2
3 y
− 3
64
AB
pi2P 2D3V
.
Also, the Carnot efficiency is expressed as
ηC = 1− TC
TH
= 1− T4(P4, V1)
T2(P1, V2)
. (6.4)
In extended phase space, one can obtain temperature as follows
T =
1
Z1
(
32
3
piJ2D3B4PV
µ4y2
− (1 + 4B)Q
2
DV
1
3
− 4DJ
2B4V
1
3
µ4y2
+A2D3V Z2 + Z3
)
,
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where
Z1 = 4piα
(
(1 + 2H)D2V
2
3 +
4D2J2B4V
2
3
µ4(D2V
2
3 +Q2 + 4Q2B + 83piPD
4V
4
3 )2
)
,
Z2 = −1 + (1 + 4B)Q
2
D2V
2
3
+
16
3
piPD2V
2
3 ,
Z3 = 8(1 + 3H)piPV D
3 + (1 +H)DV
1
3 .
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